Abstract. Using Balmer-Favi's generalized idempotents, we establish the telescope conjecture for many algebraic stacks. Along the way, we classify the thick tensor ideals of perfect complexes of stacks.
Introduction
Let T be a triangulated category. A basic question is the classification of the triangulated subcategories of T. The interest in this question stemmed from the pioneering work of Hopkins [Hop87] who connected it to the longstanding telescope conjecture in algebraic topology. Over the last two decades, spurred by work of Neeman [Nee92a] , there has been interest in this from the perspective of algebraic geometry. Most recently, this has been considered by Antieau [Ant14] , Stevenson [Ste13] , and Balmer-Favi [BF11] . We will now briefly recall some positive results in this direction that have been proved by others before we get to the contributions of this article.
Let X be a quasi-compact and quasi-separated scheme. Consider Perf(X), the triangulated category of perfect complexes on X. If P is a perfect complex on X, then let supph(P ) ⊆ |X| be its cohomological support. If E ⊆ |X| is a subset, then define I(E) = P ∈ Perf(X) : supph(P ) ⊆ E . This is a thick tensor ideal of Perf(X), that is, I(E) is a full triangulated subcategory of Perf(X) which is closed under direct summands and by tensoring with perfect complexes. Conversely, given a thick tensor ideal C of Perf(X) we obtain a subset ϕ(C) = P ∈C supph(P ) ⊆ |X|.
The cohomological support of a perfect complex is closed with quasi-compact complement. Thus, ϕ(C) is a Thomason subset-a union of closed subsets with quasicompact complements.
Let T(X) denote the collection of thick tensor ideals of Perf(X) and let Tho(X) denote the set of Thomason subsets of |X|. Both T(X) and Tho(X) are partially ordered via inclusion, so we have described order preserving maps:
Tho(X) I T(X). These maps are mutually inverse by an important result of Thomason [Tho97] . This generalizes earlier work of Hopkins and Neeman. Now consider D qc (X), the unbounded derived category of quasi-coherent sheaves on X. A natural class of subcategories of D qc (X) to consider are the smashing tensor ideals, that is, those smashing Bousfield localizations S ⊆ D qc (X) that are closed under tensor product by objects of D qc (X) (see §2 for details). Let S(X) denote the collection of all smashing tensor ideals of D qc (X). It is well-known that there is an inflation map:
I : T(X) → S(X), which sends a thick tensor ideal C to the smallest localizing subcategory in D qc (X) containing C (see Corollary 2.1 for details). There is also a contraction map:
which sends a smashing tensor ideal S to the thick tensor ideal S ∩ Perf(X) of Perf(X). Thus, we have described order preserving maps:
T(X)
I
S(X).
C A beautiful result of Balmer-Favi [BF11, Cor. 6.8], generalizing the work of Neeman, is that these maps are mutually inverse when X is noetherian. Such results have typically been referred to as resolutions of the tensor telescope conjecture. We recommend [Ant14, §1] for an excellent discussion of the history of this conjecture as well as a number of positive results in this direction. It is also natural to consider all of this in the equivariant setting. Let G be an algebraic group acting on a quasi-projective variety V . It is then natural to consider the category Perf G (V ) of perfect complexes of G-equivariant quasi-coherent sheaves on V and the unbounded derived category D(QCoh G (V )) of G-equivariant quasicoherent sheaves.
The first main result of this article characterizes thick tensor ideals of Perf G (V ) and smashing tensor ideals of D(QCoh G (V )) in terms of G-invariant subsets of |V |.
Theorem A. Let V be a quasi-projective variety over a field k. Let G be an affine algebraic group acting on V . Then there are mutually inverse maps Tho(G-orbits on V )
(1) the characteristic of k is zero, and V is semi-normal (e.g., normal or smooth) or the action of G on V is linearizable; or (2) G 0 is of multiplicative type (e.g., a torus) and the geometric component group of G has order prime to the characteristic of k.
When V is affine and G is diagonalizable, Theorem A was proved by Dell'Ambrogio and Stevenson [DS13] and they also classified all localizing tensor ideals. As far as we know, all other prior results [DM12, Kri09, Hal16] only establishes parts of Theorem A in the case of finite stabilizers or when the action is trivial [Ant14] .
Algebraic stacks form the natural setting for Theorem A. In fact, Theorem A is a consequence of a much more general and conceptual result, which we will now describe.
Let X be a quasi-compact and quasi-separated algebraic stack. We let D qc (X) denote its unbounded derived category of quasi-coherent sheaves and let D qc (X) c denote the thick subcategory of compact objects of D qc (X) [HR17] . If X is a scheme or algebraic space, then there is an equality D qc (X) c = Perf(X). In general, there is always an inclusion D qc (X) c ⊆ Perf(X) but it can be strict [HR15, Thm. C]. When V and G are as in Theorem A and X = [V /G] is the stack quotient, then
. Let T(X) denote the collection of thick tensor ideals of D qc (X) c and let S(X) denote the collection of smashing tensor ideals of D qc (X).
Theorem B. Let X be a quasi-compact and quasi-separated algebraic stack. If D qc (X) is compactly generated, then there are maps:
. If X satisfies the Thomason condition, then I X and ϕ X are mutually inverse. If in addition X is noetherian, then I X and C X are mutually inverse.
An algebraic stack X satisfies the Thomason condition if
(1) the unbounded derived category of quasi-coherent sheaves D qc (X) is compactly generated, and (2) for every Zariski-closed subset Z ⊆ |X| with quasi-compact complement, there exists a perfect complex P on X with supph(P ) = Z. If X is a quasi-compact and quasi-separated algebraic stack, then X is known to satisfy the Thomason The equivalence on the left in Theorem B was proved for stacks with quasifinite diagonal by the first author in [Hal16, Thm. 1.1] using a completely different approach (i.e., tensor nilpotence). The equivalence on the right in Theorem B was proved for Deligne-Mumford stacks with locally constant stabilizers admitting coarse moduli schemes by Antieau [Ant14] . In particular, Theorem B generalizes all previously known results, and answers some questions posed by Antieau [Ant14, Qstn. 6.3 & 6.8].
Recall that an algebraic stack X is concentrated if it is quasi-compact, quasiseparated and O X is a compact object of D qc (X), or equivalently, D qc (X) c = Perf(X) (Lemma 2.3). Part of Theorem B, for concentrated stacks, can be rephrased in terms of the Balmer spectrum [Bal05] .
Theorem C. Let X be a concentrated algebraic stack. If X satisfies the Thomason condition, then there is a natural isomorphism of locally ringed spaces:
where O XZar is the Zariski sheaf U → Γ(U, O X ).
When X has finite stabilizers, Theorem C was first proven by the first author [Hal16, Thm. 1.2]. Recall that quasi-compact algebraic stacks with quasifinite and separated diagonal satisfy the Thomason condition [HR17, Thm. A]. Such stacks are concentrated precisely when they are tame, e.g., of characteristic zero.
To prove Theorem B we had two key insights: the first was that Balmer-Favi's generalized idempotents [BF11] can be used to prove some general injectivity results (see §4) and the second was that faithfully flat descent of Thomason subsets holds (Lemma 5.3). Combining these two results, we prove that the statement of Theorem B is local for faithfully flat morphisms of finite presentation. We thus reduce the problem to the affine situation, which was treated by Neeman in [Nee92a] .
Assumptions and conventions. For algebraic stacks, we follow the conventions of [Stacks] . In particular, an algebraic stack is not a priori assumed to have any separation properties. All stacks appearing in the article, however, will at least be quasi-separated (i.e., the diagonal and second diagonal are quasi-compact). An algebraic stack is noetherian if it is quasi-separated and admits a faithfully flat cover by a noetherian scheme.
Subcategories of triangulated categories
In this section, we briefly review some well-known results on subcategories of triangulated categories. The key definition being that of a smashing localization (see Theorem 1.5 and [Kra10, Prop. 5.5.1]). We found the results and expositions contained in [Nee01, §2 and §9], [Kra10] , and [BF11, §2] particularly helpful.
Throughout this section we let T be a triangulated category. Let S ⊆ T be a triangulated subcategory. By that we will mean the following:
(1) S is a full subcategory of T; (2) S contains 0; and
is a distinguished triangle in T and two of the s i belong to S, then so does the third.
These conditions imply that S is a triangulated category and the resulting functor S → T is triangulated. Moreover, these conditions also imply that S is replete, that is, if s ∈ S and t ∈ T and s ≃ t, then t ∈ S.
1.1. Thick and localizing subcategories. We say that S is thick if every Tdirect summand of s ∈ S belongs to S. If T admits small coproducts, then we say that S is localizing if it also admits small coproducts and the inclusion of S into T preserves small coproducts. An Eilenberg swindle argument shows that every localizing subcategory is thick.
If f : T → T ′ is a triangulated functor, then ker f is a thick subcategory. Conversely, if S ⊆ T is a thick subcategory, then there is a Verdier quotient q : T → T/S and S = ker q. The quotient need not have small Hom-sets. Note that if S is a localizing subcategory of T, then the Verdier quotient q : T → T/S preserves small coproducts.
The following notation will be useful: if C ⊆ T is a class, let C denote the smallest localizing subcategory containing C (see [Nee01, §3.2] for details). We record for future reference the following lemma.
′ be a triangulated functor. Assume T, T ′ admit small coproducts and that f preserves them.
(1) If S ′ is a localizing subcategory of T ′ , then the full subcategory
Proof. For (1), we first show that the subcategory
is closed under small coproducts follows immediately from the assumption that f preserves small coproducts. Hence, f −1 (S ′ ) is a localizing subcategory.
is a localizing subcategory of T. Moreover, it contains C, so it also contains C . Hence, f ( C ) ⊆ f (C) as required.
Compact generation.
We say that t ∈ T is compact if, for every set of objects {x i } i∈I in T, the natural map i∈I Hom(t,
is an isomorphism. We let T c denote the full subcategory of compact objects of T. It is easily determined that it is a thick subcategory.
We say that T is compactly generated if there is a set T of compact objects in T such that if x ∈ T and Hom(t[n], x) = 0 for all t ∈ T and n ∈ Z, then x = 0. We call T a generating set for T.
Brown representability [Nee96, Thm. 4.1] says that for a compactly generated triangulated category T a triangulated functor F : T → T ′ preserves small coproducts if and only if F admits a right adjoint.
An important and useful result here is Thomason's Localization Theorem [Nee96, Thm. 2.1], which we now state. Assume T is compactly generated and S is a set of compact objects of T. If S = S , then (1) S is compactly generated as a triangulated category by S; (2) if S generates T, then S = T; (3) S ∩ T c = S c and is the smallest thick subcategory of T c containing S; and (4) the quotient T c /S c → (T/S) c is fully faithful with dense image.
Note that by "dense image" we mean that the thick closure of T c /S c in (T/S) c is an equivalence.
There are more powerful results along these lines using the theory of wellgenerated triangulated categories [Nee01] . We will occasionally mention some results in this level of generality, though for the purposes of this article it is safe to substitute this with "compactly generated".
Bousfield localization.
A Verdier quotient q : T → T/S is a Bousfield localization if q admits a right adjoint s.
If q admits a right adjoint s, then s is fully faithful, S is localizing, and the quotient has small Hom-sets. If T is well-generated, then Brown representability implies that q admits a right adjoint if and only if S is localizing and the quotient has small Hom-sets [Nee01, Ex. 8.4.5]. Conversely, given a triangulated functor f : T → T ′ that admits a fully faithful right adjoint, the kernel ker f is localizing and there is an equivalence of categories T/ ker f → T ′ . The following example summarizes some results from [HR17, §2] that we will use in this article. Example 1.2. Let j : U → X be a quasi-compact, quasi-separated and representable (more generally, concentrated) morphism of algebraic stacks. Then
A related notion is that of a Bousfield localization functor, which is a pair (L, λ) where L : T → T is an exact functor and λ : Id T → L is a natural transformation such that Lλ : L → L 2 is an isomorphism and Lλ = λL. The L-local objects are those belonging to the image of L; note that t ∈ T is L-local if and only if λ t is an isomorphism. The L-acyclic objects are those in the kernel of L. In particular, there are no maps from L-acyclic to L-local objects; this also characterizes L-acyclic and L-local objects in terms of the other collection [Kra10, Prop. 4.10.1].
The Bousfield localization functors on T naturally form a category. A Bousfield colocalization functor (Γ, γ) is a Bousfield localization functor on T
• . If C is a collection of objects of T, then let
We call C ⊥ the right orthogonal of C in T. The left orthogonal, ⊥ C, of C in T is the right orthogonal of C in T
• . Here we follow the conventions of [Kra10, §4.8] and [BF11, Def. 2.5], which is the opposite to [Nee01, 9.1.10/11].
The following well-known theorem (see [Kra10, ) ties these notions together. Theorem 1.3 (Bousfield localization). Let T be a triangulated category and let S ⊆ T be a thick subcategory. The following are equivalent:
(1) The Verdier quotient q : T → T/S has a right adjoint.
(2) Each t ∈ T fits in an exact triangle
with t ′ ∈ S and t ′′ ∈ S ⊥ . (3) There exists a Bousfield localization functor (L, λ) with S = ker(L). (4) There exists a Bousfield colocalization functor (Γ, γ) with S = im(Γ).
Under these equivalent conditions, the subcategory S = ker(L) = im(Γ) is localizing, the subcategory S ⊥ = ker(Γ) = im(L) is colocalizing (i.e., closed under products), the triangle is unique, t ′ = Γ(t), and t ′′ = L(t). In particular, the triangle is functorial. We denote this triangle by
A subcategory S as in the theorem is called a Bousfield subcategory. A Bousfield subcategory is localizing and the converse holds if either (1) S is well-generated or (2) T is well-generated and T/S has small Hom-sets [Kra10, 5.2.1] or [Nee01, Ex. 8.4.5 and Prop. 9.1.19]. If T is well-generated, then S is well-generated if S has a set of generators [HNR14, Lem. A.1], e.g., if S is the localizing envelope of a set of elements.
If S ⊆ S ′ is an inclusion of Bousfield subcategories of T, then there is a unique natural transformation of triangles (ǫ, Id, ϕ) : (1) L preserves small coproducts.
(2) Γ preserves small coproducts. (3) The right adjoint of q : T → T/S preserves small coproducts. (4) The subcategory S ⊥ is localizing.
We say that S is smashing when the equivalent conditions above are satisfied. Example 1.4 is a smashing localization.
1.5. Inflation. In this subsection, we assume that T is a compactly generated triangulated category. Example 1.6. If X is a quasi-compact and quasi-separated scheme, algebraic space or algebraic stack with quasi-finite diagonal, then D qc (X) is a compactly generated triangulated category. If X is a Q-stack thatétale-locally is a quotient stack, then D qc (X) is also compactly generated. Every compact object of D qc (X) is a perfect complex, and for schemes, algebraic spaces, and Q-stacks with affine stabilizers the converse holds. This is all discussed in detail in [HR17] .
A natural way to produce smashing subcategories in compactly generated triangulated categories is through the process of inflation. The following result is a simple consequence of Thomason's Localization Theorem. Theorem 1.7. Let T be a compactly generated triangulated category. Let C be a thick subcategory of T c . Then
(1) C is a smashing subcategory of T.
c is fully faithful with dense image. (4) T/ C is compactly generated.
Proof. First note that C is well-generated since T is well-generated and C is generated by the set C. Thus, C is a Bousfield subcategory. To see that C is smashing, it is enough to prove that C ⊥ is localizing. We have that
Since c is compact, it follows that C ⊥ is localizing. The claims (2) and (3) For (4), we note that q : T → T/ C has a right adjoint (Bousfield localization) that preserves coproducts (smashing localization). Hence q takes compact objects to compact objects and a set of compact generators to a set of compact generators.
Tensor ideals of tensor triangulated categories
In this section, we consider natural variations of the results of the previous section for tensor triangulated categories.
We recall the following definition from [Bal05, Def. 1.1]: a tensor triangulated category (T, ⊗, 1) is a triangulated category T with a tensor product ⊗ : T × T → T which is a triangulated functor in each variable and also makes T symmetric monoidal with unit 1. We also require ⊗ to preserve those coproducts that exist in T.
A tensor triangulated functor is a triangulated functor between tensor triangulated categories that preserves the tensor product and the unit. Henceforth, we will typically suppress the ⊗ and 1 from the definition of a tensor triangulated category.
To handle algebraic stacks in positive characteristic, it will be necessary for us to consider triangulated categories with a tensor product but not necessarily a unit. These will be called non-unital tensor triangulated categories. A non-unital tensor triangulated functor will just be a triangulated functor between non-unital tensor triangulated categories that preserves the tensor product.
2.1. Tensor ideals. Let T be a non-unital tensor triangulated category.
Let S ⊆ T be a triangulated subcategory. We say that S is a tensor ideal of T if for every s ∈ S and t ∈ T, the tensor product s ⊗ t belongs to S.
Let T(T) and S(T) denote the classes of thick and smashing, respectively, tensor ideals of T. These classes are partially ordered by inclusion.
If F : T → T ′ is a non-unital tensor triangulated functor, then there is a natural induced map
that is given by sending a thick tensor ideal of T to the smallest thick tensor ideal of T ′ containing its image. A much more delicate result that we will discuss in this section is the map S(F ) : S(T) → S(T ′ ), which is due to Balmer-Favi. The subtlety is that while it is possible to define a map
, where L(T) denotes the collection of localizing tensor ideals of T and similarly for L(T ′ ), it is not at all obvious that there are natural conditions one could put on F to guarantee that L(F ) would send objects of S(T) to S(T ′ ). The following notation will be useful: if C ⊆ T is a class, let C ⊗ denote the smallest localizing tensor ideal containing C.
For the remainder of this section, we assume that T is a tensor triangulated category (in the sense of Balmer).
2.2. Thick tensor ideal inflation. In Theorem 1.7, we saw that Thomason's Localization Theorem provided a method to produce smashing subcategories of compactly generated triangulated categories. Here we briefly explain why the same process works for tensor triangulated categories. It is most appropriate to view the following result as a corollary to Theorem 1.7.
Corollary 2.1. Let T be a compactly generated tensor triangulated category. Then there are inclusion preserving maps
Proof. By Theorem 1.7, it is sufficient to prove that C is a tensor ideal. First, let x ∈ C. Consider the full subcategory T x of T whose objects are those t such that x ⊗ t ∈ C . Clearly, T x is closed under distinguished triangles and small coproducts. Moreover since C is a tensor ideal in T c , T c ⊆ T x . By Thomason's Localization Theorem, T x = T. Hence, if x ∈ C and t ∈ T, then x ⊗ t ∈ C . Now fix t ∈ T and consider the full subcategory C t of C whose objects are those x such that x ⊗ t ∈ C . Clearly C t is closed under distinguished triangles and small coproducts. By the above, we also know that C ⊆ C t . By Thomason's Localization Theorem applied to C , it follows that C t = C . Hence, if t ∈ T and x ∈ C , then x ⊗ t ∈ C . That is, C is a tensor ideal.
The following corollary of Thomason's Localization Theorem connects the telescope conjecture with the tensor telescope conjecture (cf. [Ant14, Lem. 3.2] and [Tho97, Cor. 3.11.1(a)]).
Corollary 2.2. Let T be a tensor triangulated category that is compactly generated by its unit. Then thick subcategories of T c and localizing subcategories of T are tensor ideals.
Proof. Let C be a thick subcategory of T c (resp. a localizing subcategory of T). Let c ∈ C and consider the subcategory S of T c (resp. T) whose objects are those t such that t ⊗ c ∈ C. Obviously, 1 ∈ S. Moreover, S is a thick subcategory of T c (resp. a localizing subcategory of T). By Thomason's Localization Theorem, 1 = T and T c is the smallest thick subcategory containing 1. Thus S = T c (resp. S = T).
Duals and rigidity.
If t ∈ T, let Hom T (t, −) be a right adjoint to the functor −⊗t : T → T whenever it exists. Typically, Hom T (t, −) is referred to as the internal Hom. This is for good reasons: if t ′ ∈ T, then
If an internal Hom exists at t, then for every t ′ ∈ T there is a natural morphism (2.1)
induced from the counit map Hom T (t, 1) ⊗ t → 1 by tensoring with t ′ and adjunction. We say that t is rigid or strongly dualizable if the morphism (2.1) is an isomorphism for every t ′ . We will denote Hom T (t, 1) by t ∨ . Thus, if t is rigid, then the natural morphisms Lemma 2.3. Let T be a tensor triangulated category.
(
, then the restriction of ⊗ on T to T c makes it a non-unital tensor triangulated category.
Proof. Claims (2) and (3) are immediate consequences of (1). For (1), let {x i } i∈I be a set of objects in T. Then the map i Hom(t ⊗ d, x i ) → Hom(t ⊗ d, i x i ) factors as the following sequence of isomorphisms:
A related notion is the following: T is closed if for each t ∈ T, an internal Hom exists. By Neeman's adjoint functor theorem: if T is well-generated, then T is always closed. The following lemma comes from [HPS97, Lem. 3.3.1].
Lemma 2.4. Let T be a tensor triangulated category. Suppose that S is a Bousfield tensor ideal. Let L denote the Bousfield localization functor. Then there is a natural transformation
which is an isomorphism when t is rigid.
Proof. Tensor the exact triangle Γ(1) → 1 → L(1) with t and apply L. This gives the exact triangle
. Since Γ(1) ⊗ t ∈ S, the first object is zero so we have an isomorphism
−−→ L(t).

If t is rigid, then
Hom(z, L(1) ⊗ t) = Hom(z ⊗ t ∨ , L(1)) = 0 for all L-acyclic z, i.e., z ∈ S. Hence, L(1) ⊗ t is L-local, so λ L(1)⊗t is an isomor- phism,
as is α(t).
We say that T is rigidly compactly generated if it is compactly generated and T c ⊆ T rig . The following proposition provides an important characterization of smashing tensor ideals (cf. [BF11, Thm. 2.13]).
Proposition 2.5. Let T be a tensor triangulated category. If S is a Bousfield tensor ideal, then the following conditions are equivalent:
(1) S ⊥ is a tensor ideal. These equivalent conditions imply that S is smashing. The converse holds if T is rigidly compactly generated.
Proof. For (1) ⇒ (4): the triangle ∆(1) ⊗ t is uniquely isomorphic to ∆(t) by Theorem 1.3. Also, (4) easily implies (2) and (3). In particular, L preserves small coproducts so S is smashing.
⊥ is a tensor ideal.
Conversely if S is smashing, then for each t ∈ T there is a natural transformation α(t) : L(1) ⊗ t → L(t), which is an isomorphism when t is rigid (Lemma 2.4). Since
L preserves coproducts and T is compactly generated by rigid objects, it follows that α is an isomorphism for all t.
Example 2.6. We have seen that Example 1.4 is a smashing localization. The kernel S = ker L is also a tensor ideal. Indeed, the natural map
is an isomorphism by the projection formula [HR17, Cor. 4 
2.4. Idempotents. We conclude this section with a discussion of idempotents in tensor triangulated categories. These have been studied in detail in several places [HPS97, BF11, Ric97, BIK08] . For this subsection, we will assume that T is rigidly compactly generated.
The relevance here is that a smashing tensor ideal is determined by the map 1 → L(1), which is a right idempotent. Similarly, a smashing tensor ideal is determined by the map Γ(1) → 1, which is a left idempotent. Let us make this precise.
An idempotent triangle is a distinguished triangle e
such that e ⊗ f ≃ 0. A left idempotent is a morphism γ : e → 1 such that γ ⊗ e is an isomorphism. A right idempotent is a morphism λ : 1 → f such that λ ⊗ f is an isomorphism. For each type of idempotent, there is a natural notion of morphisms between them.
It is easily seen that there are classes D(T), E(T), and F(T) with elements the isomorphism classes of idempotent triangles, left idempotents, and right idempotents, respectively. It is readily observed that these classes are all partially ordered under the relation of "there exists a morphism" [BF11, 3.2]. There are also natural maps of partial orders:
E(T) D(T) F(T) S(T).
The maps to and from S(T) are provided by Proposition 2.5: a smashing tensor ideal S is mapped to the idempotent triangle Γ(1) → 1 → L(1); a left idempotent e → 1 is mapped to the smashing tensor ideal im(e ⊗ −); a right idempotent 1 → f is mapped to the smashing tensor ideal ker(f ⊗ −). A key insight of Balmer-Favi is that these maps are all equivalences [BF11, §3] of partial orders. In fact, they prove more: D(T) is a lattice, with supremum given by ⊗ in F(T) and infimum given by ⊗ in E(T). Henceforth, we will use the identification between smashing tensor ideals and the various idempotents freely. A key observation here is the following: if F : T → T ′ is a tensor triangulated functor between rigidly compactly generated triangulated categories, then there is a lattice homomorphism
In terms of idempotents, S(F ) takes an idempotent triangle e
. In terms of smashing tensor ideals, S(F ) takes a smashing tensor ideal S to F (S) ⊗ = im F (e) ⊗ − .
The following variant of [BF11, Thm. 6.3] will be important.
Theorem 2.7. Let F : T → T ′ be a tensor triangulated functor between rigidly compactly generated tensor triangulated categories that preserves small coproducts. If F (T c ) ⊆ T ′c , then the following diagram commutes:
Proof. Let C ⊆ T c be a thick tensor ideal and let C ′ = T(F c )(C) be the smallest thick tensor ideal containing F (C). Corollary 2.1 implies that S = I(C) = C and
Note that it is not at all obvious that the corresponding diagram in Theorem 2.7 with C instead of I commutes.
Example 2.8. The condition that F (T c ) ⊆ T ′c is satisfied when the right adjoint of F preserves small coproducts [Nee96, Thm. 5.1]. In particular, if f : X ′ → X is a concentrated morphism of algebraic stacks (e.g., quasi-compact, quasi-separated, and representable), then Lf * qc : D qc (X) → D qc (X ′ ) preserves compact objects.
The tensor triangulated telescope conjecture
We are now in a position to state the tensor triangulated telescope conjecture. For background and some recent progress on this conjecture see [Ant14] .
So let T be a rigidly compactly generated tensor triangulated category. Recall that T(T c ) is the class of thick tensor ideals of T c and S(T) is the class of smashing tensor ideals of T. By Corollary 2.1, there is an order preserving map
Definition 3.1 (Tensor triangulated telescope conjecture [BF11, Def. 4.2]). We say that the tensor triangulated telescope conjecture holds for T if I T is bijective.
Note that Corollary 2.1 proves that I T is injective. In particular, the difficulty lies in establishing the surjectivity of I T . By Corollary 2.2, the tensor triangulated telescope conjecture for D(R) is just the usual telescope conjecture. There are examples of non-noetherian rings R for which the telescope conjecture fails for D(R) [Kel94] .
Injectivity results
In this section, we now prove some new results. We would like to emphasize that they are really very straightforward from the perspective afforded by idempotents.
Theorem 4.1. Let F : T → T ′ be a tensor triangulated functor between rigidly compactly generated tensor triangulated categories. If F is conservative, then
is injective.
Proof. We prove this using idempotents: consider idempotent triangles ∆ = (e
. Since S(T) is a lattice, it is sufficient to prove that ∆ = ∆ ∧ ∆ ′ (by symmetry, the result follows). Now the idempotent corresponding to ∆ ∧ ∆ ′ is e ⊗ e An immediate consequence of Theorems 2.7, 4.1 and Corollary 2.1 is the following.
Corollary 4.2. Let F : T → T ′ be a tensor triangulated functor between rigidly compactly generated tensor triangulated categories that preserves small coproducts. If F is conservative and
Topologies
In this section, we briefly recall some results on the constructible topology on algebraic stacks (cf. [LMB, §5] , [EGA, §IV.1.8-9] and [Ryd10] ).
Let X be a quasi-separated algebraic stack. Let E ⊆ |X| be a subset. We say that E is:
• retrocompact if for every quasi-compact open U ⊆ |X|, E ∩ U is quasicompact;
• globally constructible if E is a finite union of subsets of the form W 1 ∩ (X \ W 2 ) where W 1 and W 2 are retro-compact open subsets of X; • constructible if E is globally constructible Zariski-locally on X;
• C-open if E is open in the constructible topology, i.e., ind-constructible, i.e., a union of constructible subsets; • C-closed if E is closed in the constructible topology, i.e., pro-constructible, i.e., an intersection of constructible subsets;
Every morphism of algebraic stacks is continuous in both the C-topology and the Stopology. Moving constructible sets from an algebraic stack to another is typically accomplished by Chevalley's Theorem, which we now recall.
Theorem 5.1 (Chevalley's Theorem). Let f : Z → X be a morphism between quasi-separated algebraic stacks.
(1) If f is of finite presentation, then f (Z) is constructible.
(2) If f is of finite presentation and E ⊆ |Z| is constructible, then f (E) is constructible. (3) If f is locally of finite presentation and E ⊆ |Z| is ind-constructible, then f (E) is ind-constructible.
Proof.
1 The statements are Zariski-local on X, so we may assume that X is quasicompact.
(1) There is a flattening stratification of f , that is, a sequence of quasi-compact open substacks ∅ = U 0 ⊆ U 1 ⊆ U 2 ⊆ . . . ⊆ U n = X such that f is flat over (U i \ U i−1 ) red . Indeed, the existence of a flattening stratification can be checked smooth-locally on X. We may thus reduce the question to X affine, and then, by approximation, to X noetherian. When X is noetherian, generic flatness produces a flattening stratification.
Finally, we note that
) is open and quasi-compact in (U i \ U i−1 ) hence globally constructible. It follows that f (Z) is globally constructible.
(2) Let p : U → Z be a presentation with U affine. Since p −1 (E) is constructible, there exists a finitely presented morphism g :
(3) Taking a presentation, we may assume that Z is a disjoint union of affine schemes and the result follows from (2). • proper and surjective, or • faithfully flat and locally of finite presentation (Chevalley's Theorem).
Another important class of morphisms that are S-submersive and C-submersive are subtrusive morphisms [Ryd10] .
Lemma 5.3. Let f : X ′ → X be a morphism of quasi-separated algebraic stacks that is S-submersive and C-submersive, e.g., f is faithfully flat and locally of finite presentation. Then f is * -submersive. In particular, if X ′′ = X ′ × X X ′ , then the following sequence of sets is equalizing:
Proof. f is * -submersive by the definition of the dual topology. Since f is surjective and |X ′′ | → |X ′ | × |X| |X ′ | is surjective, the sequence
of the sets of all subsets is equalizing. Since f is * -submersive, it follows that E ⊆ |X| is * -open, i.e., Thomason, if and only if f −1 (E) is * -open.
Remark 5.4. Spectra of quasi-compact and quasi-separated schemes and stacks are spectral spaces [Hoc69] . Stone duality provides an equivalence of categories between
(1) spectral spaces and spectral maps; (2) coherent frames and coherent maps; and (3) bounded distributive lattices and bounded lattice maps.
Given a spectral space X, the corresponding coherent frame is the lattice Op(X) of open subsets and the corresponding bounded distributive lattice is the lattice Op qc (X) of quasi-compact open subsets. Hochster duality takes the lattice Op qc (X) to the opposite lattice Cl cons (X) of closed and constructible subsets, the coherent frame Op(X) to the coherent frame Tho(X) and the spectral space X to the spectral space X * . If f : X ′ → X is a submersive morphism of spectral spaces, then
is a coequalizer in the category of topological spaces, hence also a coequalizer in the category of spectral spaces. By Stone and Hochster duality, we obtain a coequalizer
in the category of spectral spaces. However, this need not be a coequalizer in the category of topological spaces, that is, f * : X ′ * → X * need not be submersive. Indeed, there exists a universally submersive morphism f : X ′ → X of affine schemes that is neither S-submersive, nor * -submersive. This example will appear in a forthcoming paper.
The classification of thick tensor ideals for algebraic stacks
Let X be a quasi-compact and quasi-separated algebraic stack. In this section, we extend one of the main results of [Hal16, Thm. 1] on the classification of thick tensor ideals in D qc (X) c to include a number of stacks with infinite stabilizers. So let X be an algebraic stack. It will be convenient to set
Moreover, if P is a perfect complex on X, then supph(P ) is a closed constructible subset of |X| [HR17, Lem. 4.8(3)].
Definition 6.1. Let X be a quasi-compact and quasi-separated algebraic stack. We say that X: (1) is tensor supported if for every P, Q ∈ D qc (X) c such that supph(P ) ⊆ supph(Q) it holds that P ⊗ ⊆ Q ⊗ ; (2) is compactly supported if for every closed constructible subset Z, there exists a compact object P ∈ D qc (X) c with supph(P ) = Z; and (3) satisfies the Thomason condition if it is compactly supported and D qc (X) is compactly generated. If X is a Q-stack thatétale-locally is a quotient stack, then X satisfies the Thomason condition. This is all discussed in detail in [HR17] (and see the list in the Introduction to the present article).
Recall the following: given a subset E ⊆ |X| there is a subcategory
It is readily seen that I X (E) is a thick tensor ideal of
Since (1) X is tensor supported if and only if I X • ϕ X = Id. Equivalently, either ϕ X is injective or I X is surjective. (2) X is compactly supported if and only if ϕ X • I X = Id. Equivalently, either ϕ X is surjective or I X is injective.
In particular, ϕ and I are adjoint functors of posets, a so-called Galois connection.
It is now easily seen that (1) X is tensor supported if and only if ϕ X is injective; and that (2) X is compactly supported if and only if ϕ X is surjective on Thomason subsets.
Lemma 6.5. Let f : X ′ → X be a concentrated morphism between quasi-compact and quasi-separated algebraic stacks. Then in the diagram
(1) the square with ϕ always commutes; and (2) the square with I commutes when X ′ is tensor supported and X is compactly supported.
Proof. Note that since f is concentrated, the right vertical map is well-defined (Example 2.8). For (1), note that supph(Lf * P)⊗Q ⊆ supph(Lf * P) = f −1 (supph P) and similarly for direct summands. Also, (2) follows from (1) since ϕ X • I X = Id and I X ′ • ϕ X ′ = Id (Lemma 6.4).
We now come to the main result of this section.
Theorem 6.6. Let X be a quasi-compact and quasi-separated algebraic stack. If X satisfies the Thomason condition, then X is tensor supported. In particular, Tho(X ′ )
commute. Hence,
with the last equality provided by Lemma 6.4. But Lf * qc preserves compacts and is conservative, so Corollary 4.2 implies that T((Lf * ) c ) is injective. Hence, I X • ϕ X = Id as required.
We can now prove Theorem C, which determines the Balmer spectrum of concentrated stacks that satisfy the Thomason condition.
Proof of Theorem C. The proof of [Hal16, Thm. 1.2] applies verbatim using Theorem 6.6.
The tensor triangulated telescope conjecture for algebraic stacks
The main result of this section is that a large class of noetherian algebraic stacks satisfy the tensor triangulated telescope conjecture. We will prove a more general result, which we expect to be of use in the non-noetherian situation.
Some notation: if X is a quasi-compact and quasi-separated stack, let S(X) := S(D qc (X)) and I X := I Dqc(X) : T(X) → S(X).
Also, we will say that X is telescoping if the tensor triangulated telescope conjecture holds for D qc (X), that is, I X is bijective.
Theorem 7.1. Let f : X ′ → X be a faithfully flat and concentrated morphism of finite presentation between quasi-compact and quasi-separated algebraic stacks that satisfy the Thomason condition. If X ′ is telescoping, then X is telescoping.
Proof. Let p : X ′′ → X ′ × X X ′ be a smooth surjection, where X ′′ is an affine scheme. Recall that X ′′ also satisfies the Thomason condition. Let r, s : X ′′ → X Note that since f , r and s are concentrated, the middle vertical maps are welldefined (Example 2.8) and the squares to the right commute (Theorem 2.7). By Theorem 6.6, the maps I X , I X ′ and I X ′′ are bijective. It remains to prove that I X is bijective. By Corollary 2.1, we already know that I X is injective. Since X ′ is telescoping, I X ′ is bijective, and since X ′′ is affine, I X ′′ is injective (Corollary 2.1). Since Tho(X ′ × X X ′ ) → Tho(X ′′ ) is injective, the leftmost sequence is exact (Lemma 5.3). Moreover, since Lf * qc is conservative, S(Lf * qc ) is injective (Theorem 4.1). A routine diagram chase proves the result. We can now prove the main results of the article.
Proof of Theorem B. The maps I X and C X exist by Corollary 2.1. If X has the Thomason property, then I X and ϕ X are inverses by Theorem 6.6. Let X ′ → X be a presentation with X ′ affine. If X is noetherian, then X ′ is telescoping by the result of Hopkins and Neeman [Nee92a] . It follows that X is telescoping, that is, I X and C X are inverses, by Theorem 7.1. 
